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Where are we?

 What is a neural network?
e Computation Graphs

* Algorithms over computation graphs
— The forward pass
— The backward pass



Three computational questions

1. Forward propagation
—  Giveninputs to the graph, compute the value of the function expressed by the graph

—  Something to think about: Given a node, can we say which nodes are inputs? Which nodes are
outputs?

2. Backpropagation
—  After computing the function value for an input, compute the gradient of the function at that input
—  Orequivalently: How does the output change if | make a small change to the input?

3. Constructing graphs
—  Need an easy-to-use framework to construct graphs

—  The size of the graph may be input dependent
. A templating language that creates graphs on the fly

—  Tensorflow, PyTorch are the most popular frameworks today



Backpropagation with computation graphs



Three computational questions

2. Backpropagation
—  After computing the function value for an input, compute the gradient of the function at that input
—  Orequivalently: How does the output change if | make a small change to the input?



Calculus refresher: The chain rule

Suppose we have two functions fand g

We wish to compute the gradient of y = f(g(x)).

We know that% =f'(gx) - g'(x)

Or equivalently: if z = g(x) and y = f(2), then

dy dy dz
dx dz dx




Or equivalently: INn terms of computation graphs

The forward pass gives us z and y
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Or equivalently: In terms of computation graphs

The forward pass gives us z and y

Remember that each node knows not only how to
compute its value given inputs, but also how to

dy compute gradients
dz
Start from the root of the graph and work backwards.
dy . dz When traversing an edge backwards to a new node:
dz dx

the gradient of the root with respect to that node is
the product of the gradient at the parent with the
derivative along that edge



A concrete example
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A concrete example

1
y=ﬁ
df 1 1
— == (W) =—
du u? f u
d
Fogu g =u?
du

Let’s also explicitly write down the derivatives.
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A concrete example

df B 1
du  u?
dg
—~ =92
du u

Now, we can proceed backwards from the output

At each step, we compute the gradient of the
function represented by the graph with respect
to the node that we are at.
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A concrete example

1
y=;

df 1 1 dy
B u) =— = =
e fw=— 2 1
W _ gy gw =u? dy:dy'<df) =1'(_1):_l
du dz dy \du/,—, z? z?

Product of the gradient so far and
the derivative computed at this step




A concrete example

df B 1
du  u?
dg
g _9
du “

B 1
fuw) = "
g(u) = u?

1
y:;
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A concrete example

df B 1
du  u?
dg
g _9
du “

B 1
fuw) = "
g(u) = u?

y:

xZ

d

dy _,

dy

dy 1

dz 72

dy dy (dg) 1 02X
dx dz \dul,_, 22 T 22

We can simplify this to get —%

15



A concrete example

y:

fu,v) =~

g(w) = u?

1
X

with multiple outgoing edges
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A concrete example with multiple outgoing edges

1
o
af v
du  u? v
df 1 fwv) =7
v u

d_g — Zu g(u) — u2
du

Let’s also explicitly write down the derivatives. Note that f has two
derivatives because it has two inputs.
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A concrete example with multiple outgoing edges

1
y=;
af v
du__ﬁ v
_ 7 d
df_l f(u)v)_u d_izl
dv u

d_g — Zu g(u) — uz



A concrete example

1

y=;
af v
du  u? v
df 1 flwv) =7
dv u
d_g:2u g(u):uz
du

with multiple outgoing edges

At this point, we can compute the gradient
of y with respect to z by following the edge

fromy to z.

But we can not follow the edge from y to x
because all of x’s descendants are not
marked as done.
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A concrete example

ye
df %

du  u? v
df 1 fwv) =7
v u

d_g — Zu g(u) — uz

1
X

with multiple outgoing edges

dy_

=1
dy

dy dy (df X X
dz dy’(du)m =L (__) -T2

Product of the gradient so far and
the derivative computed at this step
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A concrete example with multiple outgoing edges

1
y=;
af v
du__ﬁ v
_ 7 d
df_l f(u)v)_u d_izl
dv u

d_g — Zu g(u) — u2
du

Now we can get to x

There are multiple backward paths into x.
The general rule: Add the gradients along all the paths.
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A concrete example with multiple outgoing edges

1

y=;
af v
du__ﬁ v

_ d

df_l f(u)v)_u d_izl
dv u
dg _ (u) = u? ay _ X
o, = 2u ® dz z2

du

dy

dy dy (dg dy df
= az a1y ()
u=x dv v=Xx

dx dz \du dv

There are multiple backward paths into x.
The general rule: Add the gradients along all the paths.



A concrete example with multiple outgoing edges

1
y=;
af v
du u? 9
df 1 f(urv):a
dv _ u

d_g — Zu g(u) — u2
du

There are multiple backward paths into x.
The general rule: Add the gradients along all the paths.
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A concrete example with multiple outgoing edges

1
y=;
af v
du u? 9
df 1 f(urv):a
dv _ u

d_g — Zu g(u) — u2
du

There are multiple backward paths into x.
The general rule: Add the gradients along all the paths.
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A concrete example

ye
df %

du  u? v

df 1 fwv) =7
v u

d_g = 22U g(u) — uz
du

R |

with multiple outgoing edges

d

dy _
dy

dy  x
dz 72

dy dy (dg dy (df
-2 (@) 5 (&)
u= dv v=x

dx  dz \du/,., dy

dy  «x e 1 2x2+1_ 1
dx  z2 x z  z2 oz 2
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A neural network example

h = tanh(Wx + b)

y=Vh+a
2

LYy -y
—ley y*|

This is the same two-layer network we saw before. But this
time we have added a new loss term at the end.

Suppose our goal is to compute the derivative of the loss
with respectto W, V,a, b
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A neural network Faw =S vl (L)

h = tanh(Wx + b) ) S w5y 0 @
y=Vh+a

1 2
L=3lly =¥l v =m () (a)
f(v) = tanh(v) °

fl(uv)=u+v ‘
o (0



A neural network

h = tanh(Wx + b)

y=Vh+a
2

LYy =y
—ley y

f(v) = tanh(v) °
fl(uv)=u+v 6

f(M,v) = Mv @ °
OO

1 2
) = 2iu —vi[ (L
f(uv)=u+v 0 @
om0

To simplify notation, let
us name all the nodes
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

L=l -y
—ley y*|

f(v) = tanh(v) °
fl(uv)=u+v 6

f(M,v) = Mv @ °
OO

/2

1
fuv) == |lu —vi| GG

f(uv)=u+v 0 @
om0

dL

—— =1
dL

Let us highlight nodes that are done
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

b=ty -y
—ley y

f(v) = tanh(v) °
fl(uv)=u+v 6

f(M,v) = Mv @ °
OO

1 2
fuv) == |lu —vi| GG

f(uv)=u+v ‘ ‘
f(M,v) = Mv @ e

dL B
dL
Whenever we have the derivative
of the loss with respect to a node,

some new derivatives can be
computed. Let us also mark them.

1
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

L=Ylly v
—ley y*|

f(v) = tanh(v) °
fl(uv)=u+v @

f(M,v) = Mv @ °
OO

1 2
fuv)=:|lu -vl| GG

f(u;V):ll+V y

f(M,v) = Mv ‘

dL

aL !

dlL  dL dL
dy dL dy

1-(y —y")
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

BT
= [ly =l

f(v) = tanh(v) °
f(u,v) =u+v @
f(M,v) = Mv @ °
OO

1 2
fv) =l -vi| GG

f(uv)=u+v y ‘
f(M,v) = Mv ‘ a

dL_didL_ o
dy dL dy Y Y
dl dL dy

_C Y v v 1
da dy da_ & 7Y
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

LYy -y
—ley y*|

f(v) = tanh(v) °
fl(uv)=u+v a

f(M,v) = Mv @ °
OO

1 2
fuv)=:|lu -vl| GG

f(uv)=u+v y

f(M,v) = Mv @/ a

dy dL ay Y Y
dL dL dy

— . = — & 1
dz, dy dz, ¥ =y
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2

A neural network fam) =2 - vi| (@

h = tanh(Wx + b) fluv) =u+v y ‘
y=Vh+a
1 2
L=E||y — vy f(M,v) = Mv @/

f(v) = tanh(v) h

f(uv) =u+v ‘ dL dL dy .
dz4_dy.dz4_(y_Y)

— dL dL dz
f(M, V) Mv @ ° = . 4 = (y — y*) -M
dz; dz, dzj
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2

A neural network fam =2 - vi|

h = tanh(Wx + b) fluv) =u+v y ‘
y=Vh+a
1 2
L=E||y — vy f(M,v) = Mv @/

f(v) = tanh(v) h

f(uv) =u+v ‘ dL dL dy .
dz4_dy.dz4_(y_Y)

— dL dL dz
woow @)D AT

dz; dz, . dz3

@ ° Becauseh=2z; dL dL

dh - dZ3
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2

A neural network fam =2 - vi|

h = tanh(Wx + b) fluv) =u+v y ‘
y=Vh+a
1 2
L=E||y — vy f(M,v) = Mv @/

f(v) = tanh(v) h

f(uv) =u+v ‘ dL dL dy .
dz4_dy.dz4_(y_Y)

fM,v:Mv ° dl  dL dz *
(M.v) = “=(y —y)M

dz; dz, . dz3

@ ° Becauseh =23 4L _ dL _ Y-y M

dh - dZ3
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A neural network fam) =2 - vi| (@

h = tanh(Wx + b) fluv) =u+v y ‘
y=Vh+a
1 2
L=§||y—y*|| f(M,v) = Mv @/

f(v) = tanh(v)

fl(uv)=u+v Z,

f(M,v) = Mv ‘ ‘
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

LYy -y
—ley y*|

f(v) = tanh(v)

fl(uv)=u+v Z,

f(M,v) = Mv ‘ ‘

1 2
fuv) =2l -vl| GG

f(uv)=u+v y

f(M,v) = Mv @/

\Y
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

LYy -y
—ley y*|

f(v) = tanh(v)

fl(uv)=u+v Z,

f(M,v) = Mv ‘

1 2
fuv) =2l -vl| GG

f(uv)=u+v y

f(M,v) = Mv @/

\Y
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

LYy -y
—ley y*|

f(v) = tanh(v)

fl(uv)=u+v Z,

f(M,v) = Mv @41

1 2
fuv) =2l -vl| GG

f(uv)=u+v y

f(M,v) = Mv @/

\Y
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A neural network

h = tanh(Wx + b)

y=Vh+a
2

LYy -y
—ley y*|

f(v) = tanh(v)

fl(uv)=u+v Z,

f(M,v) = Mv @41

v O

1 2
fuv) =2l -vl| GG

f(uv)=u+v y

f(M,v) = Mv @/

\Y
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A neural network fam) =2 - vi| (@

h = tanh(Wx + b) fluv) =u+v y ‘
y=Vh+a
1 2
L=E||y —y*| f(M,v) = Mv @

\Y

f(v) = tanh(v)

fl(uv)=u+v Z,
We can stop when we have all
these derivatives because x and y*

f(M,v) = Mv @41 are constants.

v O
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Backpropagation, in general

After we have done the forward propagation,

Loop over the nodes in reverse topological order starting with a final goal
node

— Compute derivatives of final goal node value with respect to each edge’s tail node

* |f there are multiple outgoing edges from a node, sum up all the derivatives for the edges
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